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Abstract: Two-Dimensional isotropic homogeneous turbulence were calculated by arti�cial com-
pressibility method(ACM) with and without subiterations. Quantitative and qualitative compar-
isons were performed by enegery spectrums and vorticity �elds obtained by ACM and pseudo-
spectral method. Also computational speeds of ACM on a multi-core cpu is compaired. Obtained
results show that ACMwithout subiteration with high arti�cial compressibility parameter is enough
accurate and its computational speed is almost 10 times faster than that of ACM with subiteration.
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1 Introduction

Arti�cial compressibility method (ACM) is proposed by Chorin[1] to obtain steady stateincompressible �ow
�eld. Since this method does not require the Poisson equation that imposes the divergence free condition
and provides pressure �eld, the steady incompressible Navie-Stokes equations(NSE) can be solved explicitly
and is essentially compatible to parallel computations. Athavale and Merkle[2], and Rogers and Kwak[3]
reported extended ACM for calculation of unsteady �ow, which has a subiterative procedure. They add
pseudo-time derivative terms as original ACM to the the unsteady NSE. Converged solution for pseudo-time
is required at every physical time step and is typically calculated by iterative implicit method for rapid
convergence. Because implicit methods are relatively di�cult to be parallelized, ACM ’s essential parallel
compatibility is eliminated by this extension to obtain capability for calculating unsteady �ow. Recently,
Ohwada and Asinari[4] reported ACM without subiteration can calculate unsteady �ows. Although in the
continuity equation of origial ACM, there is a term obtained by di�erentiaing pressure by pseudo-time, they
use physical time to di�erentiate pressure. If ACM does not require pseudo-time integrations, which are
calculated by implicit method, the amount of computation will be signi�cantly reduced and ACM regain the
parallel compatibility. Although quantitative comparison and computational time required by single core
of ACM with and without subitertion is reported[5], detail comparisons are not reported. Objects of this
research are both quantitative and qualitative comparison of computational accuracies and computational
speed on a multi core processor of ACM with and without subiterations by calculation of an isotropic
homogeneous turbulence.
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2 Governing equations and numerical methods

2.1 ACM with subiterations

The governing equations of ACM with subiteration are shown below. Where p, u, v, t, τ , and β denotes
pressure, x- and y-direction velocity component, physical time, pseudo-time, and arti�cial compressibility
parameter. The Reynolds number is de�ned as Re = UL/ν, where U and L is characteristic speed and length,
respectively. Spacial derivative terms are discretized by 4th order central di�erence scheme. The 2nd order
backward Eular(BE2) method and DP-LUR method[6] integrate physical and pseudo-time derivative terms,
respectively. Typically although pseudo-time derivative term of ACM is integrated by LU-SGS method[7]
which is not parallel compatible, in spite of slow convergence characteristics, we choose DP-LUR for paralle
computations. The detail of coupling of ACM and DP-LUR is described in reference[8].
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2.2 ACM without subiterations

On the other hand, governing equations of ACM without subiterations are shown below. Comparison be-
tween them and equations of compressibility �uid provides the relationship between arti�cial compressibility
parameter and Mach number(Ma = 1/

√
β). All notations and almost all of discretization are same as before,

but physical time derivative terms are integrated by 4th order Runge-Kutta method(RK4)[9].
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2.3 Pseudo-spectral method

Pseudo-spectral method[10] is used to produce reference data. Spatial di�erential terms are discretized by
Fourier pseudo-spectral method and RK4 is used to integrate physical time di�erential terms.

3 Computational conditions

3.1 Initial conditions

Tinitial �ow �led is generated with satisfying following equations.
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ω̃, E(k), and k indicates vorticity in wave space, energy spectra, and wave number, respectively. Subscripts
of wave number indicate axis. k′, k1, and k2 have following relationship.

k′2 = k2
1 + k2

2 (8)
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Figure 1: Vorticity �led obtained by PSM at T = 1.

A size of a computational domain and initial integral scale Reynolds number is set to 2π×2π and RL = 26457,
respectively. Unit velocity is supposed as 1. When a �uid particle progress non-dimensional length 1 at non-
dimensional speed 1, non-dimensional time becomes 1 in this study. RL is de�ned as below, where Ω, η and
ν denote total energy, enstrophy dissipation rate and kinematic viscosity, respectively.

RL =
Ω

νη1/3
(9)

Ω(t) =
∫ ∞

0

E(k)dk (10)

η(t) = 2ν

∫ ∞

0

k4E(k)dk (11)

3.2 Computational conditions

Computational conditions are shown in tabel 1. Three arti�cial compressibility parameters β = 10000,
β = 400 and β = 100 are chosen for ACM(RK4). They are correspond with Ma = 0.01, Ma = 0.05 and
Ma = 0.1, respectively. ACM(BE2) subiterate at least 5 times and continues subiteration until that �ow
�eld of each physical time step satis�es the divegence free condition. The convergence criteria is more than
5 times subitration and the velocity divergence becomes smaller than ε in the tabel 1. Maximum size of
time steps are chosen by trial and error approach. Number of computational grids is 1024 × 1024. Periodic
boudary condition is adopted at four boundaries.

4 Results

5 Flow �leds

Figure 1 shows vorticity �eld at T = 1 obtained by PSM. Cropped area surrounded by dashed line is used
for comparison between PSM and ACM (Fig.2, 3 and 4). Figure 8 and tabel 2 show that time history
and time average of velocity divergence. Time average of number of subiteration is also shown at table 2.
Although results obtained by ACM(RK4, β = 10000) and that by PSM show good agreement(Fig.2, 3 and
4), di�erence between PSM and ACM(RK4, β = 400 and 100) are signi�cant at T = 5. Line graph of energy
spectrum (Fig.5, 6 and 7) obtained by ACM(RK4, β = 10000) well coincide with that by PSM.

Vorticity �elds and energy spectrum obtained by both ACM(BE2, ε = 0.01) and ACM(BE2, ε = 0.001)
are well coincide each other, therefore there is no signi�cant di�erence about their accuracy. Vorticity �elds
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(a) ACM(RK4) β = 10, 000 (b) ACM(RK4) β = 400 (c) ACM(RK4) β = 100

(d) ACM(BE2) ε = 0.01 (e) ACM(BE2) ε = 0.001

Figure 2: Comparison of vorticity �elds obtained by PSM (Red) and ACM (Blue) at T = 1.

obtained by ACM(BE2)s are well agreed with that by PSM (Fig.2, 3 and 4); however, the di�erence between
ACM(RK4, β = 10000) and PSM is smaller than di�erence between ACM(BE2) and PSM at T = 10(Fig.4).
Energy spectrum of ACM(BE2) coincides well with that of PSM at low wave number region, but there are
some di�erence at high wave number region. Figure 5, 6 and 7 evidently show that ACM(BE2, ε = 0.01
and ε = 0.001) is more accurate than ACM(RK4) with low β, because there are obvious di�erences between
energy spectrum of ACM (RK4 β = 400 and 100) and PSM at both of low and high wave number region
after T = 5; however, energy spectrum of ACM(RK4, β = 10000) coincides well with that of PSM at entire
region of wave number. Therefore ACM (RK4, β = 10000) is most accurate in our numerical experiments.
These results are reasonable from qualitative comparison by Fig.2, 3 and 4. Although ACM(BE2, ε = 0.001)
imposes divergence free condition strictly (Fig.8, and table2), the accuracy of it is less than that of ACM(RK4,
β = 10000). This may be caused by accuracy of physical time integration scheme.

5.1 Computational time

Computational times were measured on an Intel Core i7-6700 (3.4GHz), which has 4 cores, and PGI C++
compiler version 16.3 was used to compile our codes. OpenMP is used for parallelization. Because ACM(RK4,

Table 1: Computational conditions
Method β subiteration ε time step integration method
ACM(BE2, ε = 0.01) 1000 yes 0.01 1/5000 2nd order backward Euler
ACM(BE2, ε = 0.001) 1000 yes 0.001 1/5000 2nd order backward Euler
ACM(RK4, β = 100) 100 no - 1/2000 4 stages Runge-Kutta
ACM(RK4, β = 400) 400 no - 1/4000 4 stages Runge-Kutta
ACM(RK4, β = 10000) 10000 no - 1/16000 4 stages Runge-Kutta
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(a) ACM(RK4) β = 10, 000 (b) ACM(RK4) β = 400 (c) ACM(RK4) β = 100

(d) ACM(BE2) ε = 0.01 (e) ACM(BE2) ε = 0.001

Figure 3: Comparison of vorticity �elds obtained by PSM (Red) and ACM (Blue) at T = 5.

β = 10000) is most accurate of our calculation of ACM without subiteration, wallclock time, which is required
to calculate 16000 steps (T = 1) was measured. Although usually number of subiteration of ACM(BE2) varies
at each time steps, it was �xed as 31 times which corresponds to the time average number of subiteration of
ACM (BE2, ε = 0.01) which is shown on table 2 for simplicity. The number of physical time step is 5000,
which also advances the unit time. Thess results(table3) show ACM(RK4) is more than 10 times faster than
ACM(BE2).

6 Conclusion

Comparisons of ACM with and without subiterations were performed from viewpoints of accuracy and com-
putational costs. Accuracies of each method were assessed through calculation of two-dimensional isotropic
homogeneous turbulent �ow. Vorticity �elds and energy spectrum obtained by ACM without subitera-
tion (ACM(RK4, β = 10000)) shows good agreement with that by PSM. That by ACM with subitration
(ACM(BE2)) are much better than that by ACM without subiteration with low beta(ACM(RK4, β = 100,

Table 2: Time average velocity divergence and number of subiteration
average average

velocity divergence number of subiteration
ACM (BE2, ε = 0.01) 0.009645 30.504700
ACM (BE2, ε = 0.001) 0.000997 37.928700
ACM (RK4, β = 100) 0.369577 -
ACM (RK4, β = 400) 0.085613 -
ACM (RK4, β = 10000) 0.003463 -
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(a) ACM(RK4) β = 10, 000 (b) ACM(RK4) β = 400 (c) ACM(RK4) β = 100

(d) ACM(BE2) ε = 0.01 (e) ACM(BE2) ε = 0.001

Figure 4: Comparison of vorticity �elds obtained by PSM (Red) and ACM (Blue) at T = 10.

and 400)), but energy spectrum by ACM with subiteration(ACM(BE2)) at high wave number region is not
coincides with that by PSM. Comparisons of criterion about imposing divergence free conditions of ACM
with subiterations were performed. This evidently shows that imposing velocity divergence smaller than 0.01
is enough. Although ACM without subiteration with large beta requires small timestep, required wallclock
time of it is 10 times smaller than that of ACM with subiterations.
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Figure 5: Energy spectra at T = 1.
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Figure 6: Energy spectra at T = 5.
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Figure 7: Energy spectra at T = 10.
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Figure 8: Time history of velocity divergence.
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Figure 9: Time history of number of subiteraion.
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