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Abstract: This is a new edition of my papers [1, 2] with a lot of changes. In this paper
I'm going to show changes done to the Reduced Finite Element Method (RFEM) that
its result will be the most powerful numerical method that has been proposed so far
(some forms of this method are so powerful that they can approximate the most
complex equations simply Laplace equation!).
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1 Introduction

The general form of a linear differential equation with boundary conditions can be shown as follows [3,
4]

R,=%£¢+P
(1
R.=9M¢p+r

The operators £ and 9 in equations (1) can be zero-order, odd-order, even-order or a combination of
two or all three

R,=S¢+P=S¢+SL¢+SL¢+P

(2)
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The weighted residual relationship for these relationships on any element is
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By inserting (2) in (4) we have
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The approximate relation of the field also is equal to
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By inserting (6) in (5) we have
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Together all the elements a comprehensive system of equations is obtained which can be written quite
generally as

Ko¢=f (®)
And
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Finally by using of equation (7) can write
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And this is the general form of approximation to a differential equation by the finite element method.



2 New Formulation for Finite Element Method (NFFEM)

Here I will introduce a new formulation for finite element method which its performance is much better
than all conventional algorithms of finite element method in CFD. In NFFEM relationship (9) is written
as follows:

* E ex * E e*
K, = ;KU , f.=>f (11)

e=1

And each of the matrix coefficients are

Where K z] become
odd ex odd
K, =o, M@SdeQ (13)
o
For K U we have
K, =o, /W; £ N,d2 (14)
0
For Kn we have
K, = ai/Wi N, dQ (15)
°
And for fl we have
f = afW Pdf (16)
’
Where o, is given by
0. =(1-C (G, |~ B (17)
[ 2 iklm(zzgﬁz) i”m(.x:y.z)

These relations are used for boundary integrals the same way, these are relations completely of NFFEM.

In the equations (13) to (16), by choosing b = 1 full upwind difference scheme (FUDS), by choosing
b = 0 central difference scheme (CDS) and by choosing 0 < b < I hybrid difference scheme (HDS)
is obtained. Note that Flux Vector Splitting Methods (FVSM) can also use with NFFEM, in this form
b = 1 is considered and equations are written separately for positive and negative-terms after that the
sum of the equations is done. These relationships are also valid for non-linear operators ( £( ¢ ) ), which

leads to f(,] ( o) ) . In the equations presented above, BWW .. 18 given by
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For the central difference scheme o can also be used instead of o, in equations (13) to (16), where

0-76 — (1 - i Biklm(.r,y.z) - Bklm(’u ))) (19)

Where ﬁium(w is given by
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In this form, the number of participating elements in the equation of node ¢ are limited to two elements
in 1D, 2D and 3D. The BZ.AM , Bi, ,,and B} ., are equal to

By = B, ’ Biy = Biyu, ’ Biney = Bim Qi) (21)

Where
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And «; is the sign of the unknown variable or derivations coefficients (any term that changes the sign
of the matrix coefficients), for Euler equations and Navier - Stokes equations in 3D are
A, B C,

S =T 00 ) Q) = ﬁ ’ &) = |Cj| (23)

Where A,, B;and C, are the flux Jacobian matrix (derivations coefficients). Or

Ei E Gz'
o = —= , Q, = —- , o, =1

T T 24)

Where E,, F,and G, are convective flux vector. Superscript & , [ and M represent the terms are located

on lines k£, [ and M (The node? in three dimensions is located on three lines, line k£ at Z direction,
line [ at y direction, and line M at 2 direction (see Figures 1 and 2).

For hierarchical shape functions, the shape functions dependent to the sides and element as shown in
figures (3) and (4) attributable to the points (these points as &, 1,1, Cyns iy 1y, G and i, 1,1, (o tO

calculate (3, also to determine lines & , [ and T are used).



When wind direction is constant before and after discontinuity (shock), as an alternative (or as another

option for all position), ﬁi can be used instead of 5,: , Where ﬁi is

!

! !

!
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When is used oz; rather than v, , always only elements that are located on discontinuity are affected by

discontinuity (see Figure 23). Using of oz; with b =1 gives a low cost scheme compared to other
schemes and methods on Direct Numerical Simulation (DNS).

Equation (18) can be written with 3, and —(3, instead of the {3, that its result will be Bpun

depending

(r.y,2) °

on the sign of 3, that we have chosen, the @kzm/z_y_z) gives the forward or backward differencing scheme.

Note that NFFEM only for quadrilateral and hexahedron elements can be used. Solving the system of
equations of the NFFEM can be performed simply by element by element solving method and line by

line sweeping method.

Figure 1: Lines %k and [ on two fourth-degree elements in two dimensions.
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Figure 2: Lines k , [ and ™M on a quadratic element in three dimensions.
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Figure 3: Lines k and [ also the places that 3 is calculated on for a hierarchical element in two
dimensions.



Figure 4: Lines k , [ and m also the places that 3 is calculated on for a fourth-degree hierarchical
element in three dimensions.

3 Reduced Finite Element Method (RFEM)

A new method for the finite element formulation presented in the previous section, In this section, I'm
going to limit the participating nodes in equation for each node to the nodes that are located on lines & ,
[ and m the node. For this purpose, I introduce reduced elements, characteristics of these elements is as
follows:

1- The different elements are used for different directions of operator (see Figures 5 and 6).

2- For each direction of operator, element only in the same direction has DOF (for one direction of shape
function is used p - degree function and for other directions is used zero degree function (see Figures 5,
6, 7 and 8).

3- For equation of node i, element only on the lines & , [ and 1 the same node has the node (see Figures
7 and 8).

In RFEM relationship (11) is written as follows:

E e* * E ex
KZ-]-HHW: E Kiij\m y fZ-khn: E fiklm (27)

e=1 e=1

And each of the matrix coefficients are
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Where D is dimensions. Note that for the € operator, unknown variable is written in all directions and

each direction is no belongs to particular unknown variable. And for f ... we have

%:@g/mm2

0

(33)

For approximating the mixed derivatives we will need to more DOF for example; if in three dimensions,

the mixed derivative be in two-direction, like following derivative

00 _ 0.0 _%
0zdy Oz 0y .0

(34)



We use the shape function with two DOF in X and y directions (see Figure 9). This elements are used
only for mixed operator.

When we use the hierarchical shape functions, for some equations have two unknown variable (¢,and
a, , see Figure 6), the additional equation for additional unknown can be written as follows:

L L
+ IZ{) N,| o, + Z{)ij‘ia )
J= J=

L L

3¢, — lzﬂ Ny, + Zﬂ N|a,
J= J=

(35)

RFEM can be used to isogeometric analysis as well (see the following sections and examples).

For the operator of x direction of node i For the operator of x direction of node i For the operator of x direction of node i

For the operator of y direction of node i For the operator of y direction of node i For the operator of y direction of node i

Figure 5: A reduced standard quadratic element in two-dimensional, lines £ and [ also the
participating nodes in the equation of node ¢ for each of them.
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For the operator of x direction of parameter i For the operator of x direction of node i For the operator of x direction of node i

For the operator of y direction of parameter i For the operator of y direction of parameter i For the operator of y direction of node i

Figure 6: A reduced hierarchical quadratic element in two-dimensional, lines k£ and [ also the
participating nodes in the equation of node ¢ for each of them.

Figure 7: Nodes involved in the equation of node ¢ for FEM and RFEM on several fourth-degree
elements in two dimensions.
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Figure 8: Nodes involved in the equation of node 7 for FEM and RFEM on two quadratic elements in
three dimensions.

Figure 9: A reduced quadratic element in three-dimensional with two DOF for approximation the

mixed derivatives 0" 0] / 8:11(9@/ , o [0) / 0202 and 0" [0) / 33/82.
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4 A new technique to approximate complete second order differential
equation

Complete second order differential equation can be written as follows:

Djf—k/lflgb%—z]qb—f (36)
The problem in approximation of equation (36) is related to the first-order derivative when |A] is a big
number, by derivatives coefficients of equation (36) can write

|P |_ |A|Aa:

(37
Where |P €| is absolute of Peclet number. Now, I will introduce a technique to approximate equation (36)

by FEM and RFEM on liner shape functions based on the Peclet number, in this case bis written as
follows:

b=0, (38)

Uzy,2)

Equation (38) give a Hybrid Difference Scheme (HDS), where QZ(W) is "Upwind Parameter" and is
chosen in the range 0 < Hm ” < 1, it is clear that there are many choices that can be used for. I used the

following equation based on the Peclet number for it

Pe 1

0y =1— m (39)
i (y.2)
Where ‘P €;uin (.E.y.z/‘ is given by
|Pen,, | = [Peca [ +Per,| +Per| (40)
* ‘Pel W‘ —l—‘PeZ/m ‘PeZ »
And
AlA 1A C|A
‘Pel o | Ll|)7 L ‘Pew |B7l|)7 i , ‘PGZ-W‘ = | 7Z|)7 - 41)
Where
Az =zp—zp , Ay=yp—yy , Az=12zp—2pm (42)

The A,, B;and C,are the flux Jacobian matrix (derivations coefficients). I write 0. based on the

Yr.y.2)
Peclet number, when the Peclet number is very high (or as another option for all Peclet numbers), 97/”/2)

can be written based on the gradient of unknown variable, I've used the following equation for 6, as a
better option than [1]



i R S (43)

i(x,y,2) 0.5
‘ Ttim
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Equation (43) is a basic choice to 05_’:/_2) , It is clear that there are many choices that can be used for, and

in equation (43) is given by

/r;;klm ()

| (44)

= max[

/,,;Mm(z‘yz) /r;k(z) J i[(y) ’

A much better form to calculate 7; compared to [1] can be written as follows:

o= 6.-6,| |69,
max ka — X k| , ) I IOL JI Iok
= gy + g;r, |MAN |7 - —
l (L) 1 /z) _ _ 2 (x) +
min (bL ¢Z ¢Z ¢” | ¢L - ¢0 ¢L - ¢()
Tpr — X" | Tie — I0k| e—1 e—1 o1 Y]
QJL/«— :EOL- :ELk_ QS'Ok
(45)
. B=0| |6— %
‘ yLl - yﬂ| Y — Yy 4 . Y= Yy Yp— y{)’
=g g |min ,
l(/) 1 (y) i'(y) et+1
min — 4| |4 _¢0 ] ¢LJ ¢o ¢, —
yL’ bl 1o = o vi— | |vs— s
max 0= 6| 10.-9 | ?L_ (/)f ¢, %
. g sz - Zilm ’ Zl-m - ng + gb min errz,_ de ZLm ZOM
(z) i) _ - ") e—1 e—1]| 2| e+1 +1
min =9, , 6= | o I ()
ZLm - Zlv[m Zlvm - Z0m| e—1 e—1 e+1 (‘+1
ZLW Z{)'m ZL’W z()m
Where
g:“m = {(J - C)‘ﬁz‘*m ] s gzl(y) = {(1 - C)‘@;’WH ’ g;’”(:/ = [(1 B C) ﬁf””” (47)
And
b b
Gitwy = [ i) ‘ i*w )] ’ 9y = [C‘ﬁm)‘ +(1- ﬁi’m) )]
(46)
b
Gimey = [ | T (1 B, ™ )]

Where ¢ for FUDS is 1 and for CDS and HDS is 0. The solution can starts with GZ(W) 1. Note that for

liner shape functions only first term of equation (45) is used and second term will be zero.
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5 A new shape functions (limited shape functions) for general problems

However, the hybrid method is provided above has very good performance, but when the Peclet number
is infinite, its accuracy is of the first order, also the equation (38) can be used only for the linear shape
functions, in this section another technique is provided for eliminating oscillations that can be used for
higher-order shape functions in any degree. This technique works directly on the shape functions (this
technique is equivalent to creating new shape functions) and is applicable for central difference scheme
(CDS), hybrid difference scheme (HDS) and full upwind difference scheme (FUDS), for this purpose,
the shape functions are written as following

NOEDLF\"L — (1 _ 6Z)Nc/)p) + 6Z_N[()mf)
N}E‘DL.FVL — (1 - (S[)ij) + @N;r(ef) (48)
N = (1= 8, )Ny + 6Ny

The equation (46) is non-oscillatory shape function, where ¢, is Element Degree Limiter, Field Variable

Limiter (EDL, FVL), and N can be any function of p > 2 (for example, the functions of Lagrangian,
Serendipity and Bezier for standard shape functions and the functions of Legendre, Chebyshev, Fourier,

. . . (ref) e (ref) . . .
etc. for hierarchical shape functions). No /, N ]( 7 and IV, I "in equation (48) are reference functions,

original function for them become

N( ef) __ N(I) , N;“‘f) — 0 , NZ‘W — Ng) (49)

Where N,Q” and Nf are liner shape functions. The following functions can also be used as reference

function on the Lagrangian, Serendipity and Bezier functions to make the shape functions of non-
oscillatory

N7 =eN, |, N}”f’ = S]”.Na +SjNL —i—Nj , N7 =eN, (50)
And for boundary elements become

N;”=N,+eN, , N”"=8N,+N, , Ny =0

(51)
N;"=0 , N/=8N,+N, , N;”=N, +eN,

Where € is a constant coefficient and IV, , N ;and N | can be the Lagrangian, Serendipity or Bezier

functions and degree them can be chosen 1 or p (for 1-degree and p-degree the equations and results are
different). S; and Sf are a constant coefficients and are given by

(é} —& ) (& é})w

sz(z—e)% LS = (1o (52
Z( 0 Z( ;)UJ

j=1

Where ﬁj is the location of the nodes (control points) and wis the weight coefficient (optional). For
p > Jthe hierarchical shape functions with N;"ﬂ = () can be used. €is chosen as, ¢ = 1 — p for

w =00, e=—1forw=0ande = 1/1 — pforw = —00. For otherw the value of eis different (for
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example, forp = &, whenw =1, e =-1.25and whenw = 2,e = -1.50or whenw = -1, e =-0.8
and whenw = -2, e = -2/3 ). Another reference function is

N(()rﬁf) :%(]"{'O‘i)(No +6NL)

€] ,Z L 0
Ny =51+ a)SiN, +(1—a,)S;N)|+ N, (53)

J

- 1
Ny =L(1—a)(N, +eN,)

When o, = 1equation (53) give backward difference approximation and whenc, = -1 give forward
difference approximation. The ¢, in equation (48) has two range:

1- Using the ¢, as EDL by choosing it in the range 0 < 6" < co.
2- Using the 6, as FVL by choosing it in the range —oo < 6" < 0.

Note: if the reference function is greater than the shape function the sign of EDL and FVL will change.
The EDL can be used only in the directions of the shape function (directions of operator) that 3, = 0 is

for, and the FVL is used only in the directions of the shape function that 3, = 0 is for or inverse, or the

FVL and EDL can be added on all nodes with identical or non-identical values, and their relationship is
written as follows:

61‘ = “@

6£,EDL,FVL)J + (1 . |67:|)67:(E1)1_,m,1)2] 9

ixy2)

(54

Where 0.

Uy.2)

low cost form, note that when 6, is written based on Peclet number, when the Peclet number is infinite

is given by equation (39) or (43). A constant value of Hm.y.z) ( Hm_z) = 1) can also be used as

the®,  will be 1 (this paper is based on®, =1 and I show when0,, = Iis considered, very

U(x,y.2) Ux,y.2)
accurate solutions can be achieved for all conditions). The §, is applied to shape functions as one-

dimensional (separately for each direction of shape functions). The value of the (ZI(EDL’”M and (S,;bm’m)g

depending on the application is, forms that can make by using of EDL, FVL is very high, here I am
presenting only some of them which are included;

Full Upwind Difference Scheme (b = 1)

Form 1, forp = 2
e To use equation (53) as reference function withp = 7, e = — 1 andw = 0 on equation (52).
e To choose in equation (54)
A- (S‘?:(EDL.I-'VL)J — _1’ 6£EUL,FVL)2 — 1 .
B- 6" =—100, 6" = 100.
C- 6" =—1000, 6" =100.

Form 2, forp > 3;
o To use equation (49) as reference function.
e To choose in equation (54)
A— 6’(EDLJ"VL)1 — 6.(EUL<FVL)2 — _100
B- O/ = ¢ = — | (this is a very inexpensive scheme with high performance and

always is used with 6, .y = 1 on equation (54)).

)
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Hybrid Difference Scheme (b = 9,-(1.%2))
Hybrid Difference Scheme (HDS) is achieved by placing b = 0, u ON the forms of the FUDS.

Central Difference Scheme (b = 0)

Form 3, forp = 2;

e To use equation (53) as reference function withp = 7, e = — 1 andw = 0 on equation (52).

e To choose ™™ = 10005;, 6;"""™"” = 1000 in equation (54).

Form 4, forp = &;

e To use equation (53) as reference function withp = 1, e = — 1 andw = 0 on equation (52).
e To write 6" = —Tap(] +B8,)+ %ﬁ_i—](] — B, )and 8/ = — ap in equation
(54).

e Tochoosea = 30and p = & in this form.

Form 5, forp = &;

e To use equation (50) as reference function withp = 3, e = —1.25 andw = 1on equation
(52).

e To choose 8§ ™" = —7]?(1 + Bz) + —pg— ! (1— Bz) , 6" = —p—1 in equation
(54).

Form 6, forp = & ;
e To use equation (49) as reference function.

e To write 6, = _TGP(J +3)+ M(J — (3. )and """ = — ap in equation

2p
(54).
e A-Tochoosea = 30 and p = & in this form.
e B-Tochoosea = 1/3and p = 3 in this form (this form is like form 2-B but on CDS).

As other form for central difference scheme (CDS) in equation (48), NV ;1s written twice, once with ¢

and once with ¢

NP = (16, )NY + 6N}
N = L o] + @ )(1 = )N + Loy |+ o, J5NT
Nyt =Ll = a, ) (1= 8)NY + Gl | — o, JONS”
NP™™ = (16 )N} + 6N}

(55)

In all regionscay, = «; or one of them is zero as a result, one of the equations is removed but in

discontinuous regions <, = «;and will have two equations. This form is always written with

5(EDL.FVL )1
i

quite central difference. This form give the best result for all positions and always is used with 6,

on equation (54).

16
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Form 7, forp = 2;
e To use equation (53) as reference function withp = 1, e = — 1 andw = 0 on equation (52).

e Tochooses ™" =0, 6" = 2 in equation (54).

Form 8, forp = &;
e To use equation (49) as reference function.

e To write 6" = (Qand 6" = —7a(1 - Bz) + pT—H(Z + B, in equation (54).
e A-Tochoosea = 2and p = 3 in this form.
e B-Tochoosea = 0 and p = & in this form.
Where BI is given by
Bikwy = Bty ’ Biy) = Buy, i, ) Bingy = Bing, Qi (56)

Where

/Bi/k _ [ (xz‘“ — m()k) — (xz'“ — ka) ] ﬂ,z _ [ (yil — y/}’) — (yil _ yLl) ]
ne |(ZZTZA — ZE'()A-) — (ZL’Z-A — ZL’LA-)| tw |(yll — y[}l) — (yz[ — yL7)|

(57)

ﬂi/m = (zim _ Z()m) — (Zim - ZL”')
v (z) |(Zl.m - z()m) - (Zim — sz)|

These plans are available for the Lagrangian shape functions but for p > & can be used on hierarchical

shape functions without change. The schemes presented above can be written for Bezier functions as
well.

6 New isogeometric analysis and new functions

In this section, I'm going by reference functions presented in the previous section, | introduce a new
isogeometric analysis. The isogeometric analysis [5] is done by the B-Spline and NURBS functions,
although the reference functions presented above are applicable with B-Spline and NURBS functions,
here I introduce a new Isogeometric Analysis Functions that are closer to the standard finite element
method and more comfortable for the use in CFD and engineering, [ made the following algorithm to
make these functions on the Bezier functions

1G4) __ i (Bezier) (1G4) __ i (Bezier) (Bezier)
N, = 2 N, ’ N = P N, + N,
(1GA) _ (Bezier)
N2,3,4,...,L—2 - N2,3,4,...,L—2 (58)
(1ca) i (Bezier) (Bezier) (1Ga) __ i (Bezier)
NH—QNL +N;7 ;N —QNL
Note that N5/, are local and can add as hierarchical as well, for p = 2 these functions are

equivalent to the B-Spline functions and for p = J are similar the PHT-spline functions work of [6] and

for more than a third degree are completely new. The equation (58) for first and last boundary elements
become
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1G4) __ (Bezier) Ga) __ (Bezier)
N{} - N(J NI - N]

(1GA) o (Bezier)

N/MLf/ - N214L7/ (59
Ga) __ i (Bezier) (Bezier) aGa) i (Bezier)

NLfl_QNL +NL71 ) NL _QNL
acn) 1 (Bezier) acn) 1 (Bezier) (Bezier)

N = LN . Ny =L NP N,
(164) _ (Bezier)

N2,3,4,....L—2 - N2,3.4,,,,,L—2 (60)
aGA) (Bezier) aGa) (Bezier)

Nsz_Nsz , NL —NL

For IGA functions, the liner functions to use in equations (49), (50) and (53) are a liner functions between
two control points (see Figure 10), while the p-order functions for using in equations (50) and (53) are
the same IGA functions. For functions (60) can be write

Form 9, forp = 2;
e To use equation (53) as reference function with S; =S5 JL =2(e=—1 andw = 0 on
equation (52)).
e To choose ™" =0, §/"""™” = 1in equation (54).
Form 10, for p = 3 on non-boundary elements;
e To use equation (49) as reference function.

e Tochoosed/™ ™" =0, 6" = _77(1 —B.) —i—%(] + B,) in equation (54).

On boundary elements;
(EDL,FVL)1 (EDL,FVL)2 — 3 3 .Z 14 3 !/ . .
e To choose =0, 27(1—@)4—%(14‘@) in equation (54).

x
Figure 10: Liner functions for quadratic and cubic IGA functions.
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7 Solutions and Examples

In this section, some examples that have been solved by standard shape functions that are including
functions of the Lagrangian and hierarchical shape functions that are including functions of the Legendre,
Chebyshev (first and second kind) and Fourier Sine Series are presented. It explained that the volume
examples were solved to test RFEM is very high and here are just a few of them select and presented.
Examples include;

1- 1D convection equation with source term.

do _
A%— cos(x) (61)
2- 1D advective equation
d¢ | do
at T =Y (62)

3- 1D and 2D Euler equations in liner form

9Q , 50Q _
AE +Bay =, (63)

4- 2D Navier - Stokes equations in liner form

10Q . p0Q _ 4, 9Q 5 0Q
AGE+BGE= A, GE+ B, (64)

Where A,B, A , and B are the Jacobian matrix and can be found in the literature (see, for example,
reference [7]).

5- 1D convection-diffusion equation

14 d’
df Dd—gjf =0 (65)

Here details of the solution of these equations due to the length of paper and be less important are not
presented and only the results are shown. Note that all examples are RFEM (the results for the NFFEM
is almost identical). I used the infinite elements for non-solid boundaries in all examples were solved. |
used the Gauss elimination method to solve the system of equations and also did not use any of the
stabilizer term
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0 w/8 w/j 3n/8

EXACT

form 3 with 0 =1

—

Shape function; Standard (Lagrange), 16 uniform elements

Weight function: Point Collocation Method

form 8-A with 0 =1

-5

Shape function; Standard (Lagrange), 8 uniform elements

Weight function; Point Collocation Method

/2
xz

5w/8 Sn/i 9n/8 T

Figure 11: 1D convection equation with source term on [0, 7] and A = 1.

form 1-C with § =1 [
Shape function; Standard (Lagrange)

Weight function; Subdomain Collocation Method

EXACT

With 100 uniform elements

form 3 with § =1 [
Shape function; Standard (Lagrange)

Weight function; Subdomain Collocation Method

form 8-A with 6§ =1
Shape function; Standard (Lagrange)
Weight function; Point Collocation Method

Jform 1-C' HDS with 6 = 1 —8—
Shape function; Standard (Lagrange)

Weight function; Galerkin Method

'S EXACT &——— o

With 100 uniform elements

form 6-A with 0 =1 —
Shape function; Standard (Lagrange)

Weight function; Subdomain Collocation Method

form 5 with 6 = 1 =
Shape function; Standard (Lagrange)

Weight function: Subdomain Collocation Method

6o60000000000000000060000

form 2-B. p = 8 with 0 =1 —
Shape function; Standard (Lagrange)

Weight function: Subdomain Collocation Method

form 10 with 6 =1
Shape function; IGA
Weight function: Point Collocation Method

Jorm 7 with 6 =1 —e—
Shape function; Standard (Lagrange)
Weight function; Galerkin Method

Jform 8-B with § =1 _—

Shape function; Hierarchical (Legendre )

Weight function; Galerkin Method

eee606000000000000600000600

EXACT

I:34
aa

With 70 uniform elements

form 4 with 6 =1
Shape function; Hierarchical (Legendre )
Weight function; Galerkin Method

form 5 with § = 1 —
Shape function; Hierarchical (Fourier Sine Series)

Weight function; Galerkin Method

6600000000000 000000000060

form 6-B with 6 = 1 S —
Shape function; Hierarchical (Chebyshev First Kind )

Weight function; Galerkin Method

form 2-A, p = 3 with § =1 ——
Shape function; Hierarchical (Chebyshev Second Kind )
Weight function; Galerkin Method

Figure 12: 1D advective equation.
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density (kg/m?)

pressure (N/m”)

entropy (J/kg/K)

1 100000 sessssssss
l 8700 [rem——
0.8 i 80000 [
0.6 1 60000 8500
0.4 40000 J J
8300
0.2 20000 %
0 0 1
-9 0 5 10 -0 0 5 10 8 0-05 0 5 10
speed of sound (m/s) mach number velocity (m/s)
1.1
420
0.9 300 {_—_—‘
P
400 e
200
380 0.5 ‘ f
560 ] 0.3 100
| 0.1
S 0
340 e 0
320 -0. -
-5 0 5 10 0 i75 0 5 10 10—05 0 5 10

form 8-A with 6 =1 ——
Shape function; Standard (Lagrange), 99 uniform elements

Weight function; Subdomain Collocation Method

form 8-B with 6 = 1 s
Shape function; Standard (Lagrange), 99 uniform elements

Weight function; Galerkin Method

form 2-B, p = 3with§ =1 —b—
Shape function; Standard (Lagrange). 99 uniform elements

Weight function; Point Collocation Method

EXACT

form 2-A, p = 3 with § =1 =

Shape function; Hierarchical (Legendre ), 99 uniform elements

Weight function; Galerkin Method

form. 6-B with § =1 e
Shape function; Hierarchical (Fourier Sine Series), 99 uniform elements

Weight function; Galerkin Method

Jorm 10 with § =1
Shape function; IGA, 99 uniform elements
Weight function; Point Collocation Method

Figure 13: Roe’s approximate solution to the Riemann problem for the Euler equations 1D.

X
P

Figure 14: Grid for flow around a cylinder.
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4 H
3.5 ¢
: y=0,M=3
PR S S E
2.5 s
M 2 : :
L5 <
1
0.5
0
3 2 -1 0 1 2
form 2-A, p = 8with 6 =1 o

Shape function; Standard (Lagrange)
Weight function; Point Collocation Method

form 2-B, p = 3with 0 =1 o
Shape function; Standard (Lagrange)
Weight function: Subdomain Collocation Method

form 5 with 0 =1
Shape function; function; Standard (Lagrange)
Weight function; Galerkin Method

2.5
y=0,M=3

y=0,M=3

form 8-A with 0 = 1
Shape function; Hierarchical (Fourier Sine Series)

Weight function: Galerkin Method

form 10 with 0 = 1
Shape function; IGA
Weight function; Point Collocation Method

Figure 15: Flow around a cylinder (steady-state Euler equations).

form 8-A with 6 =1
Shape function; Hierarchical (Chebyshev First Kind )
Weight function; Galerkin Method

Sform 10 with 6 = 1
Shape function; IGA
Weight function; Point Collocation Method

Jorm 2-B, p = 3 with§ =1
Shape function; Standard (Lagrange)
Weight function; Point Collocation Method

form 8-B with 6 = 1
Shape function; Standard (Lagrange)
Weight function; Subdomain Collocation Method

) M=04 /

M= 04

Figure 16: Mach contours for flow around a cylinder (steady-state Euler equations).
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Figure 17: Grid for flow over a NACA 0012 airfoil.

0.2 0.2
|
= 015 ‘ = 015
g M= 0.5, Re = 5000, a = 2° 8 M= 0.5, Re = 5000, a = 2°
S 01 = 01
= ; =
S 005 \ S 005
é 0 - — é 0 E——
=005 ~ =005
g 01 | g 01
-0.15 -0.15
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
x/c x/c
0.2 0.2
)
= 015 = 015 \
2 \ M = 0.5, Re = 5000, a = 2° £ ‘ M= 0.5 Re = 5000, a = 2°
S 01 \ S 01 \
= \ = \
g ' g \
S 005 e S 005 o
s — s R .
2 0 — 2 0 - -
= 0.05 — =005 —
= // = //
s 01|/ & 01 |/
v V
0.15 -0.15
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

form 2-B withp =3 and 6 = 1 form 6-B with 6 = 1

Shape function; Standard (Lagrange)
Weight function: Subdomain Collocation Method

form 10 with 6 = 1
Shape function; IGA
Weight function: Point Collocation Method

Shape function; Hierarchical (Legendre )
Weight function; Galerkin Method

form 8-B with 0 = 1

Shape function; Hierarchical (Fourier Sine Series)

Weight function; Galerkin Method

Figure 18. Skin friction distributions for laminar flow over a NACA 0012 airfoil (steady-state Navier-
Stokes equations).
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-1.2 - -1.2 7

Jorm 5 with 0 =1 _
-0.8 7 Shape function; Standard (Lagrange) -0.87
Weight function: Subdomain Collocation Method
0.4 0.4 -
cp 07 cp 04
0.4 4 0.4
M=0.8a=125
0.8 0.8
1.2 4= T T T T T T 1.2
z/c
-1.2 1.2 )
form 8-B with 6 =1 — - ‘\
-0.81 Shape function; Standard (Lagrange) -0.81 |
| Weight function; Point Collocation Method “
044 044 |/ N ‘
P | :
cp 04 N cp 07 ‘ o N
| Il
0.44 | 049 :“
| M=0.63,a=2" | M=0.8a=125
| |
0.5 0.84 \
| |
1.2 == T T T T T T 1.2 "= T T T T T T
z/c /e
-1.2+ -1.2 7
Jorm 2-B with 0 = 1 —
-0.87 Shape function; Hierarchical (Legendre ) -0.87
Weight function; Galerkin Method
-0.4 0.4 1
cp 0 cp 0
0.4 0.4 ‘
/ M=0.8a=1.25"
0.87 0.8
1.2 T T T T T T 1.2 "= T T T T T T
z/c z/c
-1.2 4 -1.2 7
form 10 with 6 =1 _
-0.8 Shape function; IGA -0.8
Weight function; Point Collocation Method
-0.4 0.4 1
Cp 0 cp 0
0.4 4 0.4
M=0.8a=125
0.8 0.8
1.2 = T T T T T T 1.2

Figure 19: Surface pressure distribution for subcritical NACA 0012 airfoil (steady-state Euler
equations).
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P
Figure 20: Solution domain and lines grid for flat plate flow.
Jorm 2-Bp = 3 with 0 =1 Jorm 8-B with 0 = 1 ——
04j Shape function; Hierarchical (Chebyshev Second Kind ) 04i Shape function; Standard (Lagrange)
b Weight function; Galerkin Method b Weight function; Subdomain Collocation Method
1 i
0.54 form 2-A, p = 3 with 0 = 1 —o— 0.3 form 6-A with 0 = 1
f\\\‘ Shape function; Hierarchical (Chebyshev First Kind) f Shape function; Standard (Lagrange)
_“\‘ Weight function; Galerkin Method 4 Weight function; Subdomain Collocation Method
Jl i
P P>
Cf 0. 277 l{ C ! U.Zt
A \ Blasius —— B \ Blasius ——
] A\ Re=500,M=0.3 ] \ Re= 500, M= 0.3
0.1 N\ 0.14 \
4 - G
] Saoennon ] k\ﬂ‘“"m—';~
4 L—A,Iz:ul-luluf47-4:L:ul{k—:uk:h{;ﬁ{pﬁ_] 7 00000000000 00 0
0 T T T L ™ 0 T L T L ™
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z/c z/c

Figure 21: Skin friction distributions for flat plate flow (steady-state Navier-Stokes equations).

1
0.8
EXACT
0.6 form 3 with 0 =1 —O0—

¢ Shape function; Standard (Lagrange), 10 uniform elements
p=0.1

Weight function; Galerkin Method

form 8-B with 6 = 1
Shape function; Standard (Lagrange), 10 uniform elements
Weight function: Galerkin Method

Figure 22: 1D convection-diffusion equation.
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Elements influenced by the discontinuity Nodes influenced by the discontinuity (with diffuse) @ Boundary nodes o o

Figure 23: Elements and nodes influenced by the discontinuity when is used a, rather thana; .

8 Conclusions

The best criterion for evaluate a numerical method is the results of the method and as can be seen in the
examples were solved, the result of RFEM comparable to the best results were obtained by other methods
is (for these examples, because of the small size of the elements, the difference between the results from
different methods can not be seen) and given that the system of equations resulting from this approach
similar (in terms of density) Finite Difference Method (FDM) is its efficiency can be compared with
finite difference methods (although the use of the Legendre shape functions gives an efficiency much
higher than FDM) so do not think other methods that are used in CFD be able to compete with it. Also,
due to the similarity of relations many of the techniques used in the FDM can be used to RFEM [8].
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